The relationship between the triplet-and singlet-pair interaction coefficients in the uniform singlet-and tripletpair extrapolation method recently suggested for extrapolating ab initio energies to the one-electron basis set limit is analyzed. Based on the premise that such a ratio is invariant over the configuration space of the molecule, generalizations of the method are investigated and their performance tested on extrapolations with MP2, CCD, CCSD, and MRCI(Q) energies. The best variant requires raw energies calculated using augmented correlated consistent basis sets with cardinal numbers up to X ) 6 at a single geometry. A scheme is also suggested that performs better than the traditional X -3 law and possibly the original uniform singlet-and triplet-pair extrapolation method but requires data only up to X ) Q.
Introduction
It is well-established that the conventional correlated orbitalbased methods involve only even powers of r ij while the exact wave function of an atomic or molecular system shows a linear dependence in the interelectronic coordinate r ij as this approaches zero. 1, 2 This is so whatever approach one uses to treat correlation effects [Møller-Plesset perturbation theory (MP), configuration interaction (CI), coupled cluster (CC) method, etc], and explains the slow convergence of such methods with increasing number of Slater determinants used to represent the multi-electron wave function. In fact, this may explain why the highest levels of accuracy in electronic structure calculations have not been achieved via such methods but through unconventional ones such as the quantum Monte Carlo method 3 or wave functions that depend explicitly on r ij . [4] [5] [6] Yet, despite the rising success of the latter approaches, 7 the conventional CI ansatz, the CC family of methods [CCD, CCSD, CCSD(T), CR-CC(2,3), etc; for reviews, see ref 8 and a recent paper 9 that gives references to such methods as applied to the potential energy surface (PES) of the water molecule] or MP2 perturbation theory 8 continue to be routine especially when combined with extrapolation techniques. Indeed, the inclusion of r ij coordinates in multireference (MR) approaches has only recently been done using a novel variant of the explicitly correlated multireference averaged coupled-pair functional method and applied to the hydrogen fluoride molecule, 10 with conventional CI methods [usually with the popular degenerate Davidson correction, CI(Q) or MRCI(Q)] proving essential for the calculation of accurate PESs. The same holds for CC methods which are known to treat electron correlation most efficiently, and we will examine here CC results obtained both with the inclusion of double excitations (CCD) and single and double excitations as well as perturbative corrections for connected triple excitations [CCSD and CCSD(T) ].
An enormous progress in electronic structure calculations for systems with small and moderate sizes arose with the introduction of correlated-consistent polarized valence basis sets [11] [12] [13] [14] (cc-pVXZ or VXZ), augmented ones (AVXZ) or even more flexible basis sets now being routinely employed. Built in a systematic manner that is intended to relate the correlation energy to the cardinal number X, such basis sets prompted the search for laws to extrapolate the total energy or its components to the complete basis set (CBS) limit 8, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] (the list is by no means exhaustive), a subject also addressed in the present work.
Extrapolation to the CBS limit finds support on the dependence of the correlation energy on the partial wave quantum number for two-electron atomic systems and second-order pair energies in many-electron atoms. [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] Specifically, the energy has been shown to vary as an inverse power of the cardinal number, where E X cor is the correlation energy for the basis set of cardinal number X, and E ∞ cor , A cor , and are parameters. 16, 17 Asymptotically one expects the value of ) 3 , although Truhlar 17 recommended optimal extrapolation exponents for MP2 42 ( MP2 ) 2.2), CCSD and CCSD(T) [ CCSD ) CCSD(T) ) 2.4] calculations by minimizing the root-mean-square deviation (rmsd) in fits to Halkier et al. 16 estimated basis-set limits for Ne, HF, and H 2 O. Since his main interests were to develop a rule with potential interest for moderately large systems, such extrapolations focused on small basis sets (D an T) and valenceonly limits, as for those systems changes in core correlation energy upon bond formation are usually small compared to other errors. 43, 44 The above numerical values have later been reevaluated by considering a larger set of reference data. 18 Variable-exponent inverse-power laws have most recently been also utilzed by Bakowies, 28 who used the adjustable parameter to quantify deviations from the asymptotic convergence behavior, and analyzed both analytical examples (i.e., other asymptotic expansions 15, 20, 22, 25, 26 ) and numerical extrapolations to either large but finite or CBS targets. He observed that deviations from asymptotic convergence are most significant for extrapolations from small basis sets but still noticeable for basis sets as large as V5Z or V6Z. By further defining extrapolation exponents opt (X, X + 1, X + N) that are optimal for a given set of † E-mail address: varandas@qtvs1.qui.uc.pt.
molecules, Bakowies 28 suggested to vary such that the rmsd between extrapolated and explicitly calculated energies E X+N become minimal. Thus, rather than providing a single optimal exponent, he recommends specific exponents for specific extrapolations. His strategy is therefore similar to the one utilized by Schwenke, 26 with the only formal difference being that the involved scaling is performed analytically rather than numerically. However, the most popular dual-level CBS law that warrants the correct asymptotic behavior is 15 where E X cor and A 3 are parameters commonly determined from energies for the two highest affordable values of X, and the offset parameter R is fixed from some other condition. 27 In fact, the potential benefit of using such rules is well recognized, 45 justifying that the search for improved extrapolation techniques continues to be an active area of research. The reader is addressed to ref 45 for a detailed analysis of the sources of error in electronic structure calculations and a comparison of the performance of eq 2 with a few other rules on small chemical systems using VXZ basis sets.
Although also utilized for the total energy on the basis of the dominance of the correlation energy lowering (ref 46, and references therein), eq 2 finds its justification in the energy increments of partial-wave expansions of atomic correlation energies [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] or similar expressions derived from the convergence behavior of the principal expansion. 8, 32, 47 From a MP2 study on arbitrary excited states of He-like atoms, where the first-order wave function ψ behaves for small r 12 as ψ ) (1 + κr 12 )Φ + O(r 12 2 ) with κ ) 1/2 (1/4) for singlet (triplet) states 1,2 and Φ being the HF wave function, Kutzelnigg and Morgan 39 established the following: for natural-parity singlet states, the leading contribution at second-order of perturbation theory is proportional to (l + 1/2) -4 , with no contributing odd-terms proportional either to (l + 1/2) -5 or (l + 1/2) -7 and the term (l + 1/2) -6 being universally -(5/4) that of (l + 1/2) -4 ; for all triplet states, the leading term is proportional to (l + 1/2) -6 ; for unnatural parity singlet states, the coefficient is proportional to (l + 1/2) -8 . Moreover, they have shown 39 that the ratio of the (l + 1/2) -6 and (l + 1/2) -4 coefficients for natural-parity singlet states is not simply -(5/4) when the unperturbed wave function is a Hartree-Fock one. Such results generalize to the Møller-Plesset energy of atoms with any number of electrons. 39, 41 Note that the single-term extrapolation formula (2) on the cardinal number X (or L, the maximum partial wave number l max in a partial wave expansion of the correlation energy) finds its justification in the fact that the leading contribution at secondorder of perturbation theory is proportional to (l + 1/2) -4 . Note further that the use of just one term may be accuracy-limiting as the subset of natural singlet-pairs in a MP2 calculation for the Zn 2+ ion has been found to contribute only 54.7% of the total correlation energy. 41 Although Klopper 22 has utilized distinct one-term expansions for the singlet and triplet pairs (thus accounting for the X -3 and X -5 behavior, respectively), we have chosen in our uniform singlet-and triplet-pair extrapolation (USTE 27 ) approach not to decompose the total correlation into such contributions. We have done so, first, because it is unnecessary for accurate results; 27 second, because such a decomposition scheme cannot be implemented for open-shell CCSD calculations 26 (the wave function is not a spin eigenfunction in practical implementations of CCSD theory) nor is it commonly available in most CC codes; and third, because such a decomposition is extraneous to MRCI calculations as a single excitation out of the reference space can be counted either as a singlet-pair or as a triplet-pair depending on the spin coupling of the N -1 part of the determinant.
In the present work, we follow our previous strategy 27 by seeking an analytic scheme that extrapolates accurately the correlation energy irrespectively of the diversity of basis set data used for the extrapolations while preserving the correct asymptotic behavior. For practical reasons, it will be dual-level type in the sense that reference calculations for two basis-sets will suffice for the extrapolation; for a one-parameter rule (to our knowledge, the only one available thus far), see ref 20. Since the method is expected to allow reliable extrapolations from energies calculated with any basis sets including those with small X values, one hopes that it will capture the differences between such bases in a realistic manner. In fact, although the angular momentum is not a good quantum number for many-particle systems, and the subsets of wave functions of different angular momentum are difficult to saturate or even balance, it is also true that extrapolations with fairly low l values have shown excellent results 22, 26, 27 for small molecules when using cc-type basis sets. 11-14 Indeed, this has been a major motivation for carrying out the present work.
A final remark goes to the extrapolation of the uncorrelated Hartree-Fock (HF) and complete-active-space-self-consistentfield (CASSCF or simply CAS; uncorrelated in the sense of lacking dynamical correlation) energies. Since it is a topic that lies outside the scope of the present work, we will address the reader to refs 27, 48, 49 (and references therein) for details. Suffice it to say that both extrapolations are geometry-dependent, and hence performed pointwise. Moreover, the use of HF extrapolated energies plus correlation-scaling/USTE-extrapolated ones 50, 51 has recently shown 51,52 great promise in obtaining accurate PESs at a low cost, a hybrid approach that will also be of no concern to us here.
The paper is organized as follows. In section 2, we describe the method, while the results are reported and discussed in section 3. The conclusions are in section 4.
Method
The asymptotic limit in eqs 1 and 2 can be imposed by expressing the correlation energy as a rational fraction, which we write in the form where the p's and q's are coefficients, and M g N ; for convenience, we may also think of X as X + R. The simplest function of this type is obtained with M ) ∞, which assumes the form of eqs 1 and 2 if one recalls that for large X values a Taylor expansion in X -1 yields lim
Another variant that will be discussed later consists of limiting the numerator to odd powers, and keeping only the term for M ) 5. In fact, such a continued fraction representation proves to be general and reliable for representing the calculated correlation energies. For example, with M ) ∞ and the two parameters determined from the results for the two largest cardinal numbers (9 and 10) used in ref 45 for the neon atom, one gets E ∞ cor,S ) -210.64 mE h and E ∞ cor,T ) -104.88 mE h for the singlet-pair and triplet-pair CCSD/VXZ energies, to be compared with -210.61 mE h and -104.87 mE h from explicitly
correlated calculations (CCSD-R12) reported in the same paper. Instead, if one chooses M ) 5 with the three parameters determined from calculations for X ) 8-10 , one obtains for the singlet-pair energy E ∞ cor,S ) -210.63 mE h . In fact, the raw nonfitted energies for small-X basis sets consistently show fair to good agreement with the predicted values, thus supporting the reliability of the extrapolation. The rational fraction (3) has indeed been found to be accurate even when unusual asymptotic dependences (M and N must then be appropriately chosen or left as adjustable parameters) are found as with explicitly correlated energies. 53 Of course, related forms that preserve the correct asymptotic behavior such as E X cor ) A exp(-bX -3 ) may perform similarly, with the data (partly due to the fact that X is not an exact quantum number) being often unable to discriminate the one that performs best.
The USTE 27 scheme has its basis on the simplest threeparameter rule of the above general type in eq 3. Including the offset parameter R , it assumes the form where E ∞ cor , A 3 , and A 5 are parameters to be determined from energies calculated with correlation-consistent basis sets of different cardinal numbers. For a fixed value of R , eq 4 is then transformed to the effective two-parameter USTE rule by defining 27 with the parameters A 5 o ) A 5 (A 3 ) 0) , c and m determined from ab initio energies for a variety of systems. For example, from anew 27 MRCI(Q)/AV XZ calculations for 24 systems, as well as MP2/VXZ, CCD/VXZ, and CCSD/VXZ energies available in the literature 22 for cardinal numbers ranging from X ) D to X ) 6 , the following sets of parameters have been obtained with 27 R ) -3/8:
, and
and m ) 1 for the CC family of methods; A 5 o ) 0.0960668, c ) -1.582009 and m ) 1 for MP2. It has further been shown 27 that both the full correlation in systems studied by MP2 and CC [CCD, CCSD, and CCSD(T)] methods and its dynamical part in MRCI(Q) calculations 52 or even correlation energies obtained by correlation energy extrapolation via intrinsic scaling 54 could be accurately extrapolated to the CBS limit with the USTE rule. Naturally, the above coefficients are likely to vary with the method and the basis set. However, this dependence should not be significant for methods and basis sets that belong to related families, and we have even explored its extendibility ("universality") by showing that accurate results could be obtained for systems not belonging to the calibrating set. 49, 52 The USTE rule may also assume the form with the ratio τ 53 defined by
Having the correct asymptotic behavior, one expects eq 4 or eq 6 to be among the best three-parameter models to accurately fit the data, and hence allow a reliable estimate of the ratio τ 53 ) A 5 /A 3 to be extracted from the reported correlation energies. The values of τ 53 obtained in this way are reported in Table 1 for seven systems calculated by the MP2, CCD, and CCSD methods with VXZ (X ) D,T,Q,5,6) basis sets, while Table 2 gathers the results for twenty systems calculated by the MRCI- Determined from a fit of eq 6 to X ) D, T, Q energies.
c As in a but using up to X ) 6 (X ) 5 in the case of H2O) energies.
d Average of τ 53 DTQ and τ 53 Q56 , and error. See footnote a of Table 1 .
(Q)/AVXZ removed method for the same cardinal numbers. Also shown for comparison are the values obtained from eq 5 using the rounded parameters from when determining E ∞ cor and A 3 due to the division by A 3 in eq 7. This can be overcome simply by adding a small constant (say δ ) 10 -16 ) to the denominator of eq 7. The second observation is of physical nature and concerns the ratio τ 53 itself, which assumes the value 27 of -0.75 for natural-parity singlet states in the 1/Z expansion for various states of the He isoelectronic series [using the standard notation, it corresponds to the ratio 39 of the (l + 1/2) -6 and (l + 1/2) -4 terms, a 2 /a 1 ) -5/4]. Note that such a ratio may vary slightly if instead of the wave function for the bare-nuclear Hamiltonian one uses a HF wave function, 39 as it has actually been shown in MP2 studies of symmetryadapted pairs. 41 Similarly, it may assume distinct values (unknown thus far) for other levels of theory. 39 We should observe at this point that the ratio τ 53 In the present work, we conjecture that τ 53 is invariant over (most) configuration space of the molecule, and hence generalize the USTE model by constraining the extrapolation to reproduce its best estimate as obtained from the fits via eq 6. Such a procedure has the merit of alerting for the fact that systems with similar values of A 3 may somehow have distinct A 5 coefficients, as shown 39 such as to fit best the system under analysis. This is illustrated in Figure 1 for the MP2 energies, with similar plots (including He 2 ) shown elsewhere 55 for CC [CCD, CCSD, and CCSD(T)] and CI [CI(Q) and MRCI(Q)] energies. Of course, this approach will lead to the original three-parameter rule in eq 3 or eq 4 unless an auxiliary criterion is used to fix the system-dependent η parameter. Note that a three-parameter model would require three points per geometry to extrapolate a PES, which would be hopelessly time-consuming in a multidimensional situation. We envisage therefore an effective two-parameter generalized USTE (GUSTE) rule.
The easiest way to fix η is by performing a calculation with the X ) Q basis set to obtain τ 53 DTQ , a variant denoted as GUSTE/DTQ. Thus, with the label DTQ implying that only calculations with the three smallest cardinal numbers are required. Table 1 gathers the values so obtained. Naturally, A 3 varies with the cardinal numbers used for the extrapolation, and so does η DTQ . Clearly, if additional information is available, one may impose the ratio obtained with the three highest affordable cardinal numbers, τ 53
Q56
. It will then be preferable to avoid the three-point fit to a three-parameter form by using the calculations for the whole set of X values, with larger weights given to increasing X values as in ref 27. The use of the ratios so obtained (still denoted τ 53
) leads to GUSTE/Q56 , while in GUSTE (we reserve the unaltered acronym for this variant of the method) the average ratio τ j 53 ) (τ 53 DTQ + τ 53 Q56 )/2 is imposed instead. Note that both η Q56 and η (this refers to GUSTE) vary too with the X values used for the extrapolation. Table 3 illustrates how the GUSTE method performs when the CCSD/VXZ (X e 10) energies of Feller et al. 45 are utilized for the neon atom. Since the singlet-and triplet-pair energies are treated uniformly by GUSTE, we will consider only their sum for the present analysis. Such raw energies are listed in column two of Table 3 , while the extrapolated energies are given in columns six to eight. In turn, columns three to five list the predicted energies for the X 2 basis sets not involved in the fit. Included for comparison are the results obtained from the X -3 law in eq 2 and the USTE 27 rule. Since they are nearly coincidental with the GUSTE ones, no further reference to them will be needed. Two other remarks are in order. First, the predicted energies from GUSTE show a tendency to slightly overestimate the unsigned raw energies but never by more than 1 mE h . Conversely, eq 2 tends to underestimate those energies at both X 2 ends, with deviations up to 5 mE h or so for X ) T. Regarding the extrapolated energies, the GUSTE method is seen to overestimate the unsigned CCSD-R12B 45 explicitly correlated energy by 0.20 mE h , while eq 2 underestimates it by 0.06 mE h . 
Results and Discussion
Since eq 2 also underestimates the target unsigned energy at X 2 ) 10 , and the CCSD-R12B energy is itself not free from error, it will be impossible to say which estimate is more reliable. However, the rms error in GUSTE is seen to be a factor of 4 smaller than for eq 2. We now turn to Tables 4-9which compare the results obtained from the GUSTE method with the USTE 27 and traditional X -3 laws for MP2, CCD, CCSD, and MRCI(Q) energies. As in the previous paragraph, the GUSTE energies provide a substantial improvement relative to the results from eq 2 or GUSTE/DTQ. However, such improvements are relatively small compared with the USTE results, except for the (D,T) extrapolated energy that tends to lie closer to the (5,6) result. A similar pattern is observed for GUSTE/Q56 , with the improvements over USTE being now expected for extrapolated energies with larger X values. Relatively small, albeit significant, improvements arise though from GUSTE, but (as in GUSTE/ Q56) at the expense of knowing τ 53 Q56 which implies calculations with the largest affordable cardinal numbers. For two electron systems, where exact energies are available, the differences between the GUSTE and USTE energies are predicted to be in the micro-or submicrohartree range, amounting at most to -3 µE h for HeH + . A favorable case is He 2 ++ , e This work, with the error defined such as to encompass the results from GUSTE/DQT and GUSTE/ Q56. f The lower bound for this system is obtained with ηDTQ.
g The lower bound for this system is obtained with ηQ56.
where the total energy (the CAS energy has been taken from our best estimate in ref 27) is predicted to be -3681.456 mE h , in excellent agreement with Wolniewicz's 56 result. Note that the requirement of knowing τ 53 Q56 should pose no significant limitation for many systems of interest, since our experience suggests that calculations at a single geometry should suffice to calibrate the method. Note especially that the conjecture that τ 53 is (approximately) invariant over the molecule configuration space finds support in exploratory calculations for diatomic molecules where the extrapolated energies appear to be predicted reliably from the repulsive wing of the potential curve up to dissociation. In fact, although the number of coupled electron pairs is expected to diminish upon bond breaking, such a fluctuation is likely to be small. Moreover, their number should vary smoothly with separation, suggesting that any small change in the scaling factor used for the extrapolation may largely be irrelevant. Unfortunately, we are not aware of any rigorous study of this problem for a polyatomic molecule.
The only piece of data at our disposal to test the above conjecture refers to the MRCI(Q)/AVXZ energies for the ground electronic states of H 2 O and OH, as the latter can be a dissociation product of the former (for a recent accurate ab initio study on the water molecule that also addresses CBS extrapolation, see ref 57). Although the calculated τ 53 values seem to bear little relation to each other, we alert for the fact that they have been estimated using different sets of cardinal numbers. In an attempt to assess the performance of the GUSTE method for H 2 O, we have therefore examined in some detail the dependence in X of the dynamical correlation energy. The atypical pattern illustrated in panel (a) of Figure 2 may be rationalized as due to the fact that the basis is saturated faster for OH than H 2 O. This can be understood by considering the dynamical correlation per electron. For H 2 O, we will first divide the total dynamical correlation by 10 electrons (valence plus core) as the calculations on this molecule included corecorrelation effects: the lowest-energy molecular orbital (∼1s orbital of oxygen) was optimized in the CASSCF calculations, but unlike active orbitals that change occupations it remained doubly occupied in all reference determinants defining the CASSCF and MRCI wave functions. The calculated dynamical correlation energy per electron so obtained varies from -18.24 mE h for X ) D to -24.26 mE h for X ) T and -28.62 mE h for X ) 5. However, not all the core-valence correlation has been recovered due to having kept closed the 1s orbitals in the CASSCF and MRCI calculations. Thus, one may consider that the calculated dynamical correlation is essentially of the valence type, yielding for the dynamical correlation energy per valence electron the values of -22.79, -30.33, and -35.78 mE h in the above order. For OH (and all other systems listed in Tables  6-8) , core correlation has been ignored, with the valence dynamical correlation per electron varying from -22.95 mE h for X ) D to -29.11 mE h for X ) T and -31.71 mE h for X ) 5. As could be expected, 8 respectively. Thus, a balanced level of description is obtained faster for OH than H 2 O, which may explain the small plateau in plot (a) of Figure 2 . We should note that removing the X ) D or T energies from the fit will not change the above pattern. A more typical trend may, however, be obtained if the AVDZ energy is replaced by -147 mE h or so rather than the actually calculated value of -182.34 mE h ; see panel (b) of Figure 2 . Using the former, the following extrapolated correlation energies are obtained for the water molecule (format as in Table 6 Keeping in mind the slightly different level of correlation description used for H 2 O and OH, two observations are in order from the above results. First, H 2 O is the only system where the GUSTE (Q,5) and USTE (Q,5) predictions differ by more than 0.1 mE h . This reinforces our belief that the (Q,5) extrapolated MRCI(Q) energy from eq 2 may be 1 mE h or so in error due to a poor balanced level of description: a higher accuracy may require improvements on the basis or in the correlation description or both. Second, and perhaps most interesting, it suggests that in chemical reactions where the chemical bonds are broken (like H 2 O splitting into OH and H), it is advantageous to choose τ 53 somewhere in the middle between the reactant and the product values for the most balanced description of the PES using the GUSTE approach. Finding the optimal balance for the A 5 /A 3 ratio in both systems (in this case, H 2 O and OH + H) simultaneously may then be an important step for accurately describing a PES with GUSTE. 
